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INFINITE DIMENSIONAL GEOMETRY AND QUANTUM FIELD
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”Algebras, Groups and Geometries” by the independent Editor Prof.J.Loˆhmus (In-
stitute of Physics, Estonian Academy of Sciences, Tartu): Alg. Groups Geom. 11
(1994) 145-179.
This publication have no any relation to the rest Editorial Board as well as to
other publications in the journal.
Abstract. There are investigated several objects of an infinite dimensional geometry, appearing
from the second quantization of a free string.
This paper is devoted to structures of an infinite dimensional geometry, appearing in quantum
field theory of (closed) strings; the objects connected with second quantization of a free string
are described in the first part of the paper, when an analogous material for self–interacting string
field is proposed to be discussed in the second part.
In the present paper we follow the general ideology of string theory presented in [1]. It should
be mentioned that the detailed exposition of used formalism of the first quantization of a closed
string is contained in the book [2]. This publication maybe considered as a continuation of a
previous one [3] devoted to geometric aspects of quantum conformal field theory.
The first part contains two chapters: the first one is devoted to the infinite dimensional ge-
ometry of flag, fundamental and Π–spaces for the Virasoro–Bott group and its nonassociative
deformation defined by Gelfand–Fuchs 3–cocycle (which will be called Gelfand–Fuchs loop) as
well as of infinite–dimensional non–Euclidean symplectic grassmannian, to the construction of
Verma modules, their models and skladens over the Virasoro algebra and their properties; in the
second chapter there is described an infinite dimensional geometry of the configuration space for
the second quantized free string in flat and curved backgrounds, as well as an author version of
Bowick–Rajeev formalism of the separation of internal and external degrees of freedom of a closed
string.
The great attention is paid to an interaction of various geometric structures: in the first
chapter they are infinite dimensional Lie algebras, groups and loops, homogeneous, Ka¨hler, Finsler,
contact and symmetric spaces, complex, real and CR–manifolds, determinant sheaves, manifolds
with subsymmetries, polarizations and Fock spaces, bibundles and objects of integral geometry,
nonholonomic spaces, deformations of geometric structures and moduli spaces; in the second one
— gauge fields, Faddeev–Popov ghosts, Gauss–Manin connections, Kostant–Blattner–Sternberg
pairings, BRST–operators. The text does not contain any essential terminological innnovations
— our purpose is rather to play an interaction of known classical concepts on a nice infinite–
dimensional example.
1
21. Infinite dimensional geometry of the flag manifold M(Vir), the fundamental
affine space A(Vir) and Π–space Π(Vir) for the virasoro–Bott group,
the universal deformation of a complex disc, the infinite dimensional
symplectic non–Euclidean grassmannian Λ(Vir), the spaces of angles
Ang(Vir) and punctured mirrors Σ(Vir) on the flag manifold M(Vir). The
Verma modules over the Virasoro algebra, their models and skladens
1.1. The Lie algebra Vect(S1) of vector fields on a circle, the group Diff+(S1) of
diffeomorphisms of a circle, the Virasoro algebra vir, the Virasoro–Bott group Vir, the
Neretin semigroup Ner (the mantle Mantle(Diff+(S
1)) of the group of diffeomorphisms
of a circle). KIrillov construction and class S of univalent functions. the Gelfand–
Fuchs 3–cocycle, Finsler geometry of M(Vir) and the Gelfand–Fuchs loop Gf, the
non–associative deformation of the Virasoro–Bott group Vir.
Let Diff(S1) = Diff+(S1) ⊔ Diff−(S1) be the group of analytic diffeomorphisms of a circle
S1: diffeomorphisms from the subgroup Diff+(S1) preserve an orientation on a circle S1, ones
from the coset Diff−(S1) change it; Lie algebra of the group Diff+(S1) is identified with the
vector space Vect(S1) of analytic vector fields v(t)d/dt on a circle S1; the structural constants
of the complexification CVect(S1) of the Lie algebra Vect(S1) have the form cljk = (j − k)δ
l
j+k
in the basis ek = i exp(ikt)d/dt. In 1968 I.M.Gelfand and D.B.Fuchs discovered a non–trivial
central extension of Lie algebra Vect(S1): the corresponding 2–cocycle maybe written as c(u, v) =∫
u′(t) dv′(t) or as c(u, v) = det(A(t0)), where A(t) =
[
u′(t) v′(t)
u′′(t) v′′(t)
]
; independently this central
extension was discovered in 1969 by M.Virasoro and was called later the Virasoro algebra vir
(the same name belongs to the complexification Cvir of this algbera); the Virasoro algebra Cvir
is generated by the vectors ek and the central element c, the commutation relations in it has the
form [ej , ek] = (j−k)ej+k+ δ(j+k) ·
j3−j
12
· c. One may correspond an infinite dimensional group
Vir to the Lie algebra vir which is a centarl extension of the group Diff+(S1), the corresponding
2–cocycle was calculated by R.Bott in 1977: c(f, g) =
∫
log(g ◦f)′ d log f ′. The group Vir is called
the Virasoro–Bott group.
There are no any infinite dimensional groups corresponding to Lie algebras CVect(S1) and
Cvir but it is useful to consider the following construction, which is attributed to Yu.Neretin and
developped by M.Kontsevich [4,5]. Let us denote accordingly to Yu.Neretin by LDiffC+(S
1) a set
of all analytic mappings g : S1 7−→ C\{0} with a Jordan image g(S1) such that zero belongs
to the interior of the contour g(S1), the orientations of g(S1) and S1 coincide and the value of
g′(z) is not equal to zero anywhere; LDiffC+(S
1) is a local group in the following sense: let g1
and g2 belong to LDiff
C
+(S
1) and g1 admits an analytic extension to an area which contains
the contour g2(S1), then the composition g1 ◦ g2 is correctly defined. let’s denote by LNer the
local semigroup in LDiffC+(S
1) consisting of mappings g such that |g(exp(it))| < 1; as it was
shown by Yu.Neretin [4] local semigroup LNer maybe supplied by a natural structure of a global
semigroup Ner. There exist two different constructions of the Neretin semigroup. The first
construction (Yu.Neretin [4,5]). an element of semigroup Ner — a formal product pA(t)q (*),
where p, q ∈ Diff+(S1), p(1) = 1, t > 0, A(t) : C 7→ C such that A(t)x = exp(−t)z. To define
a multiplication in Ner it is necessary to describe a rule of transformation of formal product
A(s)pA(t) to the form (*). If t is so small that the diffeomorphism p maybe analytically extended
to the ring exp(−t) ≤ |z| ≤ 1, then there is correctly defined a product g = A(s)pA(t); let K be
a domain bounded by S1 and g(S1), and Q is a canonical conformal mapping from K onto the
ring exp(−t′) ≤ |z| ≤ 1 such that Q(1) = 1, then g = p′A(t′)q′, where p′ = Q−1
∣∣
S1
, and q′ is
defined from the relation A(s)pA(t) = p′A(t′)q′. If t is an arbitrary real number then there exist
t/n so small that a product A(s)pA(t) = (. . . ((A(s)pA(t/n))A(t/n) . . . )A(t/n) maybe calculated
accordingly the previous construction. the obtained multiplication is associative [4]. The second
construction (M.Kontsevich, in the version of Yu.Neretin). An element g of semigroup Ner is
a triple (K, p, q), where K is a Riemann surface with a boundary, which is biholomorphically
equivalent to the ring, p, q : S1 7−→ ∂K are fixed analytic parametrizations of the boundary ∂K
of the surface K, so that K is on the right side from p(exp(it)) and from the left side from
q(exp(it)). Two elements g1 = (K1, p1, q1) and g2 = (K2, p2, q2) are equivalent if there exists
a conformal mapping R : K1 7−→ K2 such that p2 = Rp1, q2 = Rq1; the product of two
elements g1 and g2 of the semigroup Ner is the element g3 = (K3, p3, q3) of this semigroup, where
K3 = K1
⊔
q1(exp(it))=p2(exp(it))
K2 and p3 = p2, q3 = q2. The Neretin semigroup Ner is called the
3mantle of the group Diff+(S1) of diffeomorphisms of a circle and is denoted by Mantle(Diff+(S1)).
The Neretin semigroup admits a central extension; the corresponding 2–cocycle was calculated by
Yu.Neretin in 1989 [4], the explicit formulas for that cocycle is rather cumbersome so that they
are omitted.
The flag manifoldM(Vir) for the Virasoro–Bott group Vir is the homogeneous space Diff+(S
1)/S1
with the group of motions Diff+(S1) and the isotropy group S1 [6-8]. There exist several realiza-
tions of this manifold. The realization of M(Vir) as an infinite dimensional homogeneous space
Diff+(S1)/S1 is called algebraic; in this realization the space M(Vir) maybe also identified with
the quotient of the Neretin semigroup Ner by its subsemigroup Ner◦ consisting of elements g of
the semigroup Ner, which admit an analytic extension to D− (D− = {z∈C : |z| ≥ 1}). The prob-
abilistic realization: the group Diff+(S1) acts on the space of all probabilistic measures u(t) dt on
a circle with an analytic positive density u(t) in a natural way, the stabilizer of the point (2pi)−1 dt
is isomorphic to S1, therefore, from the transitivity of the action of the group Diff+(S
1) on the
space of probabilistic measures it follows that this space maybe identified with M(Vir). Orbital
realization: the spaceM(Vir) maybe considered as an orbit of the coadjoint representation for the
groups Diff+(S1) or Vir [9-11], namely, elements of the space vir∗ dual to the Virasoro algebra vir
are identified with pairs (p(t)dt2, b) so that the coadjoint action of the group Vir has the following
form K(g)(p, b) = (gp − bS(g), b), where S(g) is the Schwarz derivative of a function g; the orbit
of the point (a · dt2, b) coincides with M(Vir) if and only if a/b = −n2/2, n = 1, 2, 3, 4, . . . . So
there is defined a family of symplectic structures ωa,b on the space M(Vir). Analytic realization
(Kirillov construction) [6,7]: let us consider the space S of functions f(z) analytic and univalent
in the closed unit disc D+ normalized by the conditions f(0) = 0, f ′(0) = 1, f ′(exp(it)) 6= 0;
the Taylor coefficients c1, c2, c3, c4, . . . ck, . . . of a function f(z) = z + c1z
2 + c2z3 + c3z4 + . . .
determine a coordinate system on S; necessary and sufficient conditions for the univalency of a
function f(z), which describe the domain S in the linear space C[[z]], are contained in [12-14].
In 1986 A.A.Kirillov [6] (see also [7]) showed that the class S maybe identified in a natural way
with Diff+(S1)/S1, namely for each element f from S there is defined the unique function g holo-
morphic in the exterior of the unit disc, mapping it onto the exterior of the contour f(S1) and
normalized by the conditions g(∞) = ∞, g′(∞) > 0; let us denote by γf the diffeomorphism of
the unit circle defined by the formula γf = f
−1 ◦ g, then the correspondence f 7−→ γf defines a
bijection of S onto M(Vir); let us construct the inverse mapping from M(Vir) onto S; for each
diffeomorphism let us consider a manifold Cγ = D+⊔γD−, which is diffeomorphic and, therefore,
boholomorphic to C; let us normalize the biholomorphic mapping F : Cγ 7→ C by the conditions
F (0) = 0, F ′(0) = 1, F (∞) =∞ and define fγ from S corresponding to the diffeomorphism γ as
F |D+ . The action of CVect(S
1) on Diff+(S1)/S1 in the coordinate system {ck} has the form
Lvf(z) = −if
2(z)
∮
[
wf ′(w)
f(w)
]2
v(w)
f(w)− f(z)
dw
w
;
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
,
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2),
where bk are the Laurent coefficients of the function 1/(wf(w)); the connection of the described
formulas with the classical variational formulas of the theory of univalent functions is described
in [8,16-18]. The symplectic structures ωa,b coupled with the complex structure on M(Vir) form
the two–parameter family of Ka¨hler matrics wa,b; the more detailed information on the Ka¨hler
geometry on the flag manifold for the Virasoro–Bott group maybe received from the original
papers [6-8,17,19] or the vocabulary [18].
4In 1968 I.M.Gelfand and D.B.Fuchs discovered a non–trivial 3–cocycle of Lie algebra Vect(S1),
it maybe written as c(u, v,w) = det(B(t0)), where B(t) =

 u′(t) v′(t) w′(t)u′′(t) v′′(t) w′′(t)
u′′′(t) v′′′(t) w′′′(t)

, or as
c(u, v, w) =
∫
det(B(t)) dt [20]. This cocycle defines a nonassociative deformation of the Virasoro–
Bott group, a loop [21-25], which will be called Gelfand–Fuchs loop and will be denoted by Gf.
the construction of such loop is deeply related to Finsler geometry [26,27] on M(Vir). Namely,
the Gelfand–Fuchs 3–cocycle defines a closed 3–form Aαβγ on the flag manifold M(Vir) for the
Virasoro–Bott group. One should consider the Finsler form Ωαβ = wαβ+Aαβγξ
γ , where A = dw,
ξγ ∈ T (M(Vir)). Then there exists a Finsler connection in a line holomorphic bundle overM(Vir)
whose curvature is equal to Ωαβ . The elements of the group Diff+(S
1) are lifted with respect to
this finsler connection to the elements of its one–dimensional nonassociative central extension
which is just the Gelfand–Fuchs loop Gf.
1.2. Non–Euclidean geometry of mirrors on the flag manifoldM(Vir) for the Virasoro–
Bott group, Krichever mapping, skeleton of calss S of univalent functions, the space of
angles Ang(Vir) and the integral geometry on the infinite dimensional non–Euclidean
oriented symplectic grassmannian Λ+(Vir).
Points and Lagrange submanifolds maybe considered as basic elements of symplectic geome-
try. The space of all Lagrange submanifolds of symplectic geometry. the space of all Lagrange
submanifolds is however as a rule ill–visible. The Ka¨hler geometry on the flag manifold M(Vir)
for the Virasoro–bott group permits to single out a reasonable object from the set of all Lagrange
submanifolds. By a Ka¨hler subsymmetry we mean an involutory antiautomorphism of M(Vir).
The set of all fixed points of a subsymmetry (mirror) is a completely geodesic Lagrange sub-
manifold. Points and mirrors are the basic elements of the geometry being described [18,28,29].
The set of all mirrors forms a symmetric space, the infinite dimensional non–Euclidean symplectic
grassmannian Λ(Vir), independent of a choice of the non–Einshteinian Ka¨hler Diff+(S1)–invariant
metric on M(Vir); subsymmetries are conjugate to the standard subsymmetry s−(z) = z¯. Let
us consider the probabilistic relization of M(Vir) and the set A(M(Vir)) of measures of the form
δa(t)dt; the set A(M(Vir)), which is called the absolute of M(Vir), is isomorphic to S1. Let us
introduce a relation of parallelism on the infinite dimensional non–Euclidean symplectic grass-
mannian Λ(Vir): two mirrors will be said to be parallel if they go through the same point of the
absolute A(M(Vir)); the following analogue of the Lobachevskii axiom holds: exactly one mirror
passes through any point ofM(Vir) and any point of A(M(Vir)). let us also introduce the infinite
dimensional non–Euclidean oriented symplectic grassmannian Λ+(Vir): elements of Λ+(Vir) are
the oriented mirrors Va, pairs (V, a), where V is a mirror form Λ(Vir), and a is a point of the ab-
solute, which belongs to V . More detailed information on the infinite dimensional non–Euclidean
geometry of mirrors maybe received from the papers [18,28,29].
For the following purposes we shall consider an equivariant mapping of the flag manifold for
the Virasoro–Bott group into the infinite dimensional classical domain of the third type [16-
18,4]; let H be the completion of the space of the smooth real–valued 1–forms u(exp(it))dt on
a circle such that
∫
u(exp(it))dt = 0 by the norm ||u||2 =
∑
|un|2/n; let HC be its complexifi-
cation, HC± be the transversal spaces, consisting of 1–forms u(exp(it))dt, which maybe holomor-
phically extended to the discs D±; HC ≃ O(S1)/Const, namely f(z) ∈ O(S1) 7→ df(z) ∈ HC,
HC± ≃ O(D±)/Const; there are the symplectic and the pseudohermitean structures defined on
HC: (f(z), g(z)) =
∫
f(z) dg(z), < f(z), g(z) >=
∫
f(z) dg(z) (f, g ∈ O(S1)); let Sp(HC,C) and
U(HC+, H
C
−) be the groups of invariance of these structures, Sp(H,R) = Sp(H
C,C)U(HC+, H
C
−). Let
us consider the grassmannian Gr(HC) – the set of all complex Lagrange subspaces in HC, Gr(HC)
is an infinite dimensional homogeneous space with the group of transformations Sp(HC,C). Let
us consider the action of Sp(H,R) on Gr(HC); the orbit of the point HC− is an open subspace R
in Gr(HC) isomorphic to Sp(H,R)/U , where U = {A ⊕ A¯, A ∈ U(HC+), A¯ ∈ U(H
C
−)}, the space
R is an infinite dimensional classical homogeneous domain of the third type (i.e. an infinite di-
mensional analogue of finite dimensional classical domains of this type [30]), R is mapped in the
linear space Hom(HC+, H
C
−) so that the elements of R are represented by symmetric matrices Z
such that E − ZZ¯ > 0. The detailed information on infinite dimensional grassmannians maybe
received from the papers [31-33]; the construction of the mapping of M(Vir) into R was described
in the papers [16-18,4], namely, the representation of Diff+(S1) in H defines a monomorphism
Diff+(S1) 7→ Sp(H,R), hence Diff+(S1) acts on R; the orbit of the initial point under this action
5coincides with Diff+(S1)/PSl(2,R), therefore we have an equivariant mapping of M(Vir) into R,
its explicit form can be found in [16-18]. The matrix Zf from R which corresponds to the function
f ∈ S is called the Grunsky matrix [34] (the definitions of the grunsky matrix maybe found also
in [14,16]), the mapping f 7→ Zf is the partial case of the Krichever mapping [32,35].
The skeleton of the domain R consists of all symmetric unitary matrices Z, therefore, the
skeleton of S = Diff+(S1)/S1 consists of univalent functions which Grunsky matrices are unitary.
accordingly to the Milin theorem [36] the skeleton of the space S consists of all univalent functions f
such that mes(C\(D◦+)) = 0, but the action of the group Diff+(S
1) on the skeleton is not transitive;
the structure of the skeleton of class S is described in the paper [29]. Following it let us consider the
R–analytic manifold E whose elements are cuts K of the complex plane C with one end at infinity,
such that the conformal radius of C\K is equal to one. Let us consider the mapping E 7→ Λ+(Vir),
defined as f(z) 7→ (s, a), where f(D◦+)⊔K = C, f(0) = 0, f
′(0) = 1, f(a) =∞, f(s(z)) = f(z); it
was shown in the paper [29] that this mapping is an isomorphism. let us mention that the action
of Diff+(S1) on S maybe analytically extended on E, so that E and Λ+(Vir) are isomorphic as
homogeneous spaces. It should be mentioned that the infinite dimensional non–Euclidean oriented
symplectic grassmannian Λ+(Vir) is a symmetric space: (s1, a1) ◦ (s2, a2) = (s1s2s1, s1(a2)) with
the group of transvections Diff+(S
1) and the isotropy group G0 = {g ∈ Diff+(S
1) : g(z¯) =
g(z), g(1) = 1}, the tangent space V to Λ+(Vir) at the point (s−, 1) maybe identified with
the space of odd vector fields on S1. The lines in V invariant with respect to G0, which are
determined by the generalized vectors δ±(t)d/dt, correspond to the nonholonomic generalized
invariant fields ξ± on Λ+(Vir); letO(E) and O(Λ+(Vir)) be the structural rings of E and Λ+(Vir);
O(Λ+(Vir)/ξ−) = {f ∈ O(Λ+(Vir)) : ξ−f = 0}; the isomorphism of the ringed spaces holds:
(E,O(E)) ≃ (Λ+(Vir),O(Λ+(Vir)/ξ−)) [29].
Let us consider the mapping M(Vir) 7→ Γcl(Λ+(Vir)), where Γcl(Λ+(Vir)) is the space of
all closed geodesics on Λ+(Vir), namely, we shall assign to a point x the set of all oriented
mirrors which pass through it; this mapping is an isomorphism [29]. Under the identification
with Γcl(Λ+(Vir)) the symplectic structure on M(Vir) has the form ωx(X,Y ) =
∫
γx
(AX,Y ) ds,
where s is a natural parameter on γx, X and Y are the Jacobi fields orthogonal to the field s˙
for the unique (up to a multiplication by a real number) invariant degenerate pseudoriemannian
metric on Λ+(Vir), A = a∇s + b∇3s, where ∇s is the covariant derivative along s˙. Let O
◦(S)
be the class of all holomorphic functionals on S which admit an analytic extension to E then
ReO◦(S) ≃ O(Λ+(Vir)/ξ−), namely [29] F (f) =
∫
fs∈γx
F (fs) ds (**). Let us denote by Λnh+ (Vir)
the nonholonomic manifold (cf.[37]) the ”spectrum” of O(Λ+(Vir)/ξ−), let Ohol(Λ
nh
+ (Vir)) be the
inverse image of O◦(M(Vir)) in OC(Λnh+ (Vir)) under the mapping (**).
An angle αˆ on the flag space M(Vir) is a triple αˆ = (x,U, V ), x ∈M(Vir), U, V ∈ Λ+(Vir),
x∈U ∩V , the point x is called the vertex of an angle and the mirrors U and V are called the sides
of an angle ∠ˆ; for two angles with a common vertex and a common side there is defined a sum
αˆ + βˆ = (x, U,W ), where αˆ = (x,U, V ), βˆ = (x, V,W ); two angles are called congruent if they
maybe mapped one into another by some element of the group Diff+(S1), which acts on M(Vir).
This action conserves an additive invariant of angles — their value, the real number defined up to
2pik, k∈Z; the angles with the vertex x form a compact riemannian manifold — two–dimensional
torus T2; an angle is called rational if and only if its value is a rational number and irrational
otherwise; an angle αˆ = (x, U, V ) is irrational if and only if U ∩ V = {x}. The space of angles
Ang(Vir) is a bibundle: M(Vir)←− Ang(Vir) −→ Λ+(Vir)×Λ+(Vir) (pi1 : Ang(Vir) 7→M(Vir),
pi2 : Ang(Vir) 7→ Λ+(Vir) × Λ+(Vir)); thereis defined a mapping pi1 ◦ pi
−1
2 on pi2(Ang
irr(Vir),
where Angirr(Vir) is the space of irrational angles; the image of this mapping coincides with
M(Vir). let us consider a mapping from Ohol(Λ
nh
+ (Vir) × Λ
nh
+ (Vir)) to O(M(Vir)) defined as
Fˆ (x) =
∫
αˆ:pi1(αˆ)=x
F (pi2(αˆ)) dµT2 , where dµT2 is the canonical measure on torus T
2.
THEOREM 1. The mapping F 7→ Fˆ is injective and has a dense image in O(M(Vir)) after
the restriction on the solutions of the system of equations pF = 0, (X(1) −X(2))F = 0 (p =∑
i+j=p(i−j)(L
(1)
i L
(2)
j −L
(1)
j L
(2)
i ), X is the vector field that generate a geodesics passing through
points 1 and 2).
The statement of the theorem is an evident consequence of the integral formulas (**).
1.3. Verma modules over the Virasoro algebra (Feigin–Fuchs theory and orbit method).
The algebras CVect(S10 and Cvir are Z–graded: deg(ek) = k, for them there are defined Verma
6modules, which ewre investigated by several authors [38–40]. namely, let Cvir+ = span(ek, k ≥ 0),
χh,c be the character of Cvir, defined by the conditions χh,c(ek) = 0 if k > 0, χh,c(e0) = h,
χh,c(c) = c; the Verma module Vh,c is the Cvir–module induced by the character χh,c of the
subalgebra Cvir+; otherwords, Vh,c = U(Cvir) ⊗U(Cvir+) Vχh,c , where Vχh,c is the Cvir–module
defined by the character χh,c, U(Cvir) and U(Cvir
+) are the universal envelopping algebras of Lie
algebras Cvir and Cvir+. the Verma module Vh,c is a graded Cvir–module; if h and c are real (that
will be supposed below) there is defined the unique up to a multiple invariant hermitean form on
Vh,c. the Verma module Vh,c is unitarizable if and only if the hermitean form is positive definite; let
us denote by Dn(h, c) the determinant of this form in n-th homogeneous component of Vh,c in the
basis Lk1−1 . . . L
kj
−jv, kj ≥ 0 (L0v = hv, Lmv = 0), then as it aws shown by V.G.kac, B.L.Feigin
and D.B.Fuchs Dn(h, c) = A
∏
0<α≤β,αβ≤nΦ
p(n−αβ)
α,β
, where Φα,α(h, c) = h +
c−13
24
(α2 − 1),
Φα,β(h, c) = (h +
c−13
24
(β2 − 1) + αβ−1
2
)(h + c−13
24
(α2 − 1) + αβ−1
2
) + α
2−β2
16
. If for any α,
β Φα,β(h, c) 6= 0 then the module Vh,c is irreducible and is not contained in any other Verma
module; if there exist exactly one pair α, β such that Φα,β(h, c) = 0 then three possibilities maybe
realized: 1) αβ < 0, then Vh,c maybe imbedded into the Verma module Vh+αβ,c, 2) αβ > 0,
then Vh,c contains a submodule Vh+αβ,c, 3) α = 0 or β = 0, then Vh,c is irreducible and is not
a submodule of another Verma module; if there exist two pairs (α1, β1) and (α2, β2) such that
Φαi,βi(h, c) = 0, then there exist an infinite number of pairs (α, β), which possess such property
— this situation is realized if
c1,2 = 1−
6((α1 ± α2)− (β1 ± β2))2
(α1 ± α2)(β1 ± β2)
(1A)
h1,2 =
(α2β1 − α− 1β2)2 − ((α1 ± α2)− (β1 ± β2))2
4(α1 ± α− 2)(β1 ± β2)
(1B)
In this case the structure of the Verma modules is described by the Feigin–Fuchs theory.
The Verma module Vh,c is unitarizable if h > 0, c > 1; the Verma module Vh,c contains an
unitarizable quotient if (a) h > 0, c > 1; (b) c = 1 − 6
p(p+1)
, h =
(αp−β(p+1))2−1
4p(p+1)
, α, β, p ∈ Z;
p ≥ 2; 1 ≤ α ≤ p, 1 ≤ β ≤ p+ 1.
Let us describe a geometric way of the construction of the Verma modules over the Virasoro
algebra, based on the orbit method; it is described by the following facts [16–18]: (1) To each
Diff+(S1)–invariant Ka¨hler metric wh,c on the space M(Vir) one should correspond the linear
holomorphic bundle Eh,c over M(Vir) with the following properties: (a) Eh,c is the hermitean
bundle with the metric exp(−Uh,c)dλdλ¯, where λ is a coordinate in a fiber, Kh,c = exp(Uh,c)
is the Bergman kernfunction, the exponential of the Ka¨hler potential Uh,c = h log |g
′(∞)| −
c log det(E − Zf Z¯f ) of the metric wh,c, (b) algebra Cvir holomorphically acts in the prescribed
bundle by covariant derivatives with respect to the hermitean connection with the curvature form
being equal to 2piωh,c; (2) let O(Eh,c) be the space of all polynomial (in the trivialization of the
paper [17]) germs of sections of the bundle Eh,c, O(Eh,c) is the graded Cvir–module, the action
of the Lie algebra Cvir in which is defined by the following formulas [17,18]
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+ h,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2hc1,
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ h(4c2 − c
2
1) +
c
2
(c2 − c
2
1),
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2);
let us fix the basis ea1...an = ca11 . . . c
an
n in O(E
∗
h,c
) and let O∗(E∗
h,c
) be the space of all linear
functionals on O(E∗
h,c
), which obey the next property: if p(x) > 0, then deg(x) ≤ Np; the
7space O∗(E∗
h,c
) is called the Fock space of the apir (M(Vir), Eh,c) [41,p.117] (the Fock spaces
plays an essential role in the method of geometric quantization, the standard Fock space is a
partial case of the spaces introduced in [41]), the Verma module Vh,c is realized in the Fock space
F (Eh,c) of the pair (M(Vir), Eh,c); let us fix the basis ea1...an =: c
a1
1 . . . c
an
n in F (Eh,c) such that
< ea1...an , e
b1...bm >= a1! . . . an!δmn δ
b1
a1 . . . δ
bn
an ; the action of the Virasoro algebra in such basis is
defined by the next formulas [17,18]
L−p =cp +
∑
k≥1
(k + 1)ck+p
∂
∂ck
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+ h,
L1 =
∑
k≥1
ck((k + 2)
∂
∂ck+1
− 2
∂
∂c1
∂
∂ck
) + 2h
∂
∂c1
,
L2 =
∑
k≥1
ck((k + 3)
∂
∂ck+2
− (4
∂
∂c2
− (
∂
∂c1
)2)
∂
∂ck
− bk(
∂
∂c1
, . . .
∂
∂ck+2
))+
h(4
∂
∂c2
− (
∂
∂c1
)2) +
c
2
(
∂
∂c2
− (
∂
∂c1
)2),
Ln =
(−1)n
(n− 2)!
adn−2 L1 · L2 (n > 2).
1.4. The fundamental affine space A(Vir) and the Π–space Π(Vir) for the Virasoro–Bott
group, the model and the skladen of the Verma modules over the virasoro algebra.
The space Σ(Vir) of punctured oriented mirrors and the model of the Verma modules
over the Virasoro algebra. the space Σ#(Vir), the skladen of the Verma modules over
the Virasoro algebra and the Alekssev–Shatashvili construction. The universal defor-
mation of a complex disc, the Manin–kontsevich–Beilinson–Schechtman construction
and the model of the Verma modules over the Virasoro algebra.
It is well–known from the theory of representations of compact groups that the model of the
representations of a compact Lie group U is realised in the space of functions on the fundamental
affine space for its complexification GC; the model of the representations of the group U is a
representation which maybe expanded in the direct sum of the irreducible ones so that each such
representation appear in the sum exactly one time; the fundamental affine space is a homogeneous
space GC/N of the complex reductive group GC with the stationary subgroup being isomorphic
to the maximal nilpotent subgroup N . An analogous construction holds for the real noncompact
simple Lie groups of Hermitean type (there is an inaccuracy in the paper [41]: the supposition
of caspidality should be changed on the condition formulated above), namely, let G be a real
noncompact simple Lie group of Hermitean type, GC be its complexification, Mantle(G) be the
semigroup lying in GC (so–called partial complexification of the group G [42,43]); the quotient
Mantle(G)/Mantle(G) ∩ N is called the fundamental affine space for the Lie group G; the fun-
damental affine space of the universal covering G˜ of the group G is the universal covering of its
fundamental affine space. as it was shown in the paper [41] in the Fock space of the pair (the
fundamental affine space of the group G, trivial holomorphic bundle over it) there is realised a
direct integral of the Verma modules over the Lie algebra gC (the model of the Verma modules
over it). In the case of the Virasoro–Bott group Vir the corresponding complex group CVir does
not exist, but the semigroup Mantle(Vir), the Neretin semigroup Ner exists, so the construction
of the fundamental affine space maybe extended on the infinite dimensional case; the fundamental
affine space of the group Vir consists of the pairs (f, t), where f is an univalent function from S,
and t is a non–zero complex number, |t| > 1 [41]; the Virasoro algebra generators have the form
[41]
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+ t
∂
∂t
,
8L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2c1t
∂
∂t
,
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ (4c2 − c
2
1)t
∂
∂t
,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2).
Let us consider the bundle E(c) over the fundamental affine space, the inverse image of the bundle
E0,c under the projection onto the flag manifold; the Virasoro algebra generators in the Fock space
of the bundle E(c) have the form [41]
L−p =cp +
∑
k≥1
(k + 1)ck+p
∂
∂ck
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
− t
∂
∂t
,
L1 =
∑
k≥1
ck((k + 2)
∂
∂ck+1
− 2
∂
∂c1
∂
∂ck
)− 2t
∂
∂t
∂
∂c1
,
L2 =
∑
k≥1
ck((k + 3)
∂
∂ck+2
− (4
∂
∂c2
− (
∂
∂c1
)2)
∂
∂ck
− bk(
∂
∂c1
, . . .
∂
∂ck+2
))−
t
∂
∂t
(4
∂
∂c2
− (
∂
∂c1
)2) +
c
2
(
∂
∂c2
− (
∂
∂c1
)2),
Ln =
(−1)n
(n− 2)!
adn−2 L1 · L2 (n > 2).
The model of the Verma modules over the Virasoro algebra is realised in the Fock space of the
bundle E(c) over the fundamental affine space for the group V˜ir.
As it was mentioned in the paper [44] the skladen of the Verma modules over the Lie algebra
sl(2,C) is realised in the Fock space over the Π–space Π(P˜Sl(2,R)) for the universal covering
P˜Sl(2,R) of the projective group PSl(2,R); the skladen of the Verma modules over the simple
complex Lie algebra gC is a direct integral
∫
W
Vpi(x) dx of the Verma modules over this algebra
of the weight pi(x), where W = h⊕ h∗, pi : W 7→ h∗, h is the Cartan subalgebra in gC, h∗ is the
weight space; the Π–space of the real simple Lie group G of Hermitean type maybe defined by the
noncommutative diagram
C
r ≃ Cr
↓ ↓
T ∗([D∗+]
r) 7→ Π(G) 7→M(G)
↓ ↓ ‖
[D∗+]
r 7→ A(G) 7→M(G)
the Π–space of the universal covering G˜ of the Lie group G is the universal covering of the Π–space
Π(G). The Π–space of the group Vir consists of triples (f, t, s), where f is an univalent function
from S, t is a non–zero complex number, |t| < 1, s is an arbitrary complex number (or an element
of the universal covering C˜∗ of the complex plane without zero; the Virasoro algebra generators
have the form
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+ t
∂
∂t
+ s
∂
∂s
,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2c1t
∂
∂t
+ 2c1s
∂
∂s
,
9L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ (4c2 − c
2
1)t
∂
∂t
+ (4c2 − c
2
1)s
∂
∂s
,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2).
Let us consider the bundle E(c) over the Π–space Π(Vir), the inverse image of the bundle E(c)
over the fundamental affine space A(Vir) under the projection of Π(Vir) on A(Vir); the Virasoro
algebra generators in the Fock space of the bundle E(c) have the form
L−p =cp +
∑
k≥1
(k + 1)ck+p
∂
∂ck
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
− t
∂
∂t
− s
∂
∂s
,
L1 =
∑
k≥1
ck((k + 2)
∂
∂ck+1
− 2
∂
∂c1
∂
∂ck
)− 2t
∂
∂t
∂
∂c1
− 2s
∂
∂s
∂
∂c1
,
L2 =
∑
k≥1
ck((k + 3)
∂
∂ck+2
− (4
∂
∂c2
− (
∂
∂c1
)2)
∂
∂ck
− bk(
∂
∂c1
, . . .
∂
∂ck+2
))−
t
∂
∂t
(4
∂
∂c2
− (
∂
∂c1
)2)− s
∂
∂s
(4
∂
∂c2
− (
∂
∂c1
)2) +
c
2
(
∂
∂c2
− (
∂
∂c1
)2),
Ln =
(−1)n
(n− 2)!
adn−2 L1 · L2 (n > 2).
THEOREM 2. The skladen of the Verma modules over the Virasoro algebra Cvir is realised in
the Fock space of the pair (Π(V˜ir);E(c)).
Namely, the highest weights in this Fock space have the form thϕ(t/s).
A punctured oriented mirror V xa on the flag manifold M(V ir) is a pair (Va, x), where Va is an
oriented mirror and x is a point ofM(Vir) which belongs to Va; the space Σ(Vir) of the punctured
oriented mirrors is a bobundle M(Vir) ←− Σ(Vir) −→ Λ+(Vir), where Σ(Vir) 7→ M(Vir) is the
subsymmetry bundle [28,18] and Σ(Vir) 7→ Λ+(Vir) is the tautological bundle. On the space
Σ(Vir) of the punctured oriented mirrors there is defined a structure of a contact CR–manifold
[45] by the canonical connection of the prequantisation [28,18] in the subsymmetry bundle, the
contact structure is defined by the connection form θcan and the structure of CR–manifold on the
space Σ(Vir) of the punctured oriented mirrors is defined by the complex structure on horisontal
subspaces of the subsymmetry bundle lifted from the base of the bundle, the flag manifoldM(Vir);
the Levy form of the CR–manifold Σ(Vir) coincides with the Ka¨hler form on the base. Let us
denote by Σ(V˜ir) the universal covering of the space Σ(V˜ir). Let us denote by E(c) the CR–
analytic bundle over the space Σ(V˜ir) of the punctured oriented mirrors, lifted from the bundle
Eo,c on the base.
THEOREM 3. The model of the Verma modules over the Virasoro algebra is realised in the Fock
space of the pair (Σ(V˜ir), E(c)).
The statement of the theorem is the consequence of the result obtained in the third paragraph
of the paper [41].
Let us consider the space Σ#(Vir) defined by the commutative diagram
R ≃ R
↓ ↓
T ∗(RP1) 7→ Σ#(Vir) 7→M(Vir)
↓ ↓ ‖
RP1 7→ A(Vir) 7→ M(Vir)
On Σ#(Vir) there is defined a structure of the CR–manifold; let us denote by Σ#(V˜ir) the
universal covering of the space Σ#(Vir), and by E(c) the CR–analytic bundle over Σ#(V˜ir) lifted
from Σ(V˜ir).
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THEOREM 4. The skladen of the Verma modules over the Virasoro algebra is realised in the
Fock space of the pair (Σ#(V˜ir), E(c)).
The statement of the theorem follows from the theorem 1.
On Σ#(V˜ir) there is defined a structure of symplectic manifold; the symplectic form on
Σ#(V˜ir), the Alekseev–Shatashvili form ωAS maybe obtained by the hamiltonian reduction of
the canonical symplectic structure on T ∗(P˜Sl(2,R)) [46,47]. In the papers [46,47] there is con-
sidered a procedure of the quantisation of such symplectic structure, the value of the central
charge of the corresponding bundle E(c) maybe determined from the following characteristics of
the Alekseev–Shatashvili form: thre is defined a fiberwise action of the abelian group Z2 in the
bundle R2 ←− Σ#(V˜ir) −→M(Vir), the volume α of the fundamental domain in the fiber deter-
mines the central charge c = 1− 6(α−α−1)2; the condition of rationality of such volume extract
the values of central charge from the spectrum (2A) [47]. the attentive reading of the papers of
the mentioned authors shows that the starting point for the receiving of the Kac spectrum (2) in
them is the skladen more than the model of the verma modules over the Virasoro algebra, this
circumstance explains the appearing of two parameters in Kac spectrum.
Let us consider the representation of elements of the homogeneous space Diff+(S1)/S1 by
univalent functions f from class S; the function f(1 − tf)−1 belongs to class S, if t−1 does not
belong to the image of f ; the set of such points t forms a domain C\(f(D+)) in the complex plane
C. the family of pairs (f, t) is the space of the universal deformation of a complex disc [41,p.217],
S is the universal Teichmu¨ller space [48-51]; the action of the Virasoro algebra Cvir on pairs (f, t)
is defined by formulas
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+ t
∂
∂t
,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2c1t
∂
∂t
+ t2
∂
∂t
,
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ (4c2 − c
2
1)t
∂
∂t
+ 3c1t
2 ∂
∂t
+ t3
∂
∂t
,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2);
this action maybe obtained by the Manin–Kontsevich–Beilinson–Schechtman construction [52-57];
the Virasoro algebra generators in the Fock space of the bundle E(c) over the universal deformation
of a complex disc have the form
L−p =cp +
∑
k≥1
(k + 1)ck+p
∂
∂ck
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
− t
∂
∂t
,
L1 =
∑
k≥1
ck((k + 2)
∂
∂ck+1
− 2
∂
∂c1
∂
∂ck
)− 2t
∂
∂t
∂
∂c1
+ t2
∂
∂t
,
L2 =
∑
k≥1
ck((k + 3)
∂
∂ck+2
− (4
∂
∂c2
− (
∂
∂c1
)2)
∂
∂ck
− bk(
∂
∂c1
, . . .
∂
∂ck+2
))−
t
∂
∂t
(4
∂
∂c2
− (
∂
∂c1
)2) + 3t2
∂
∂t
∂
∂c1
− t3
∂
∂t
+
c
2
(
∂
∂c2
− (
∂
∂c1
)2),
Ln =
(−1)n
(n− 2)!
adn−2 L1 · L2 (n > 2);
these generators define a structure of the model of the Verma modules over the Virasoro algebra
in the Fock space of the bundle E(c) over the universal covering of the universal deformation of a
complex disc.
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let us consider the determinant sheaf DETλ over M(Vir): DETλ = R
0p∗(Ωλ(C˜/M(Vir))),
where p : C 7→ M(Vir) is the projection of the universal deformation of the punctured complex
disc D∗+ onto the base M(Vir), C˜ is the universal covering of C fibred overM(Vir) with fiber D˜
∗
+,
Ωλ is the sheaf of holomorphic λ–differentials on D˜
∗
+.
THEOREM 5. The model of the Verma modules over the Virasoro algebra Cvir with the central
charge c = 2(6λ2 − 6λ+ 1) maybe realised in the space of sections of the sheaf DETλ.
The statement of the theorem is a consequence of the fact that the Virasoro algebra repre-
sentations obtained by the determinant construction and non–isomorphic to the Verma modules
over the Virasoro algebra have the zero measure in the space of parameters [39,40], the relation
between the central charge and the parameter λ is also described in these papers.
2. Infinite dimensional geometry and quantum field theory of
non–interacting strings: second quantized free string on flat and
curved background, the Bowick–Rajeev formalism of the separation
of the internal and external degrees of freedom of a string
The purpose of this chapter is to give a mathematical description of the second quantization of a
closed string based on infinite dimensional geometry. The configuration space of the quantum field
theory is an infinite dimensional space, its elements are classical fields (functions, distributions,
differential forms, connections) on the support manifold. If these fields are free of constraints,
then the configuration space is flat, and in the presence of constraints it has a rather complicated
structure. if the number of fields is infinite then the support manifold has an infinite dimension,
the configuration space has a dimension ∞2. This situation is realized in the case of the closed
string–field theory.
2.1. Flat background: the Banks–Peskin differential forms, the Feigin–Frenkel–
Garland–Zukerman fromalism, the Siegel string fields and the Kato–Ogawa BRST–
operator.
Let us introduce the basic notions [1,58,59]: a closed string is an arbitrary contour C in D–
dimensional space RD (it is usually supposed that RD possesses a Minkowsky metric and the
transition to the Euclidean one is done later). a collection of such contours will be denoted by
Q0. One might define a classical string field as a magnitude on Q0. But this is not convenient.
the fact is that Q0 is not a smooth manifold. It has singularities. To define a string field one
should specify its behaviour near singularity. It is opportune to make occasion of the possibility of
a representation of Q0 as an orbifold to achieve our object. Indeed, let us parametrise a contour
C by a function xµ(s) : [−pi,pi] 7→ RD . We denote the set of such functions by Q, which admits
an action of the group Diff+(S1). The initial space Q0 is a quotient Q/Diff+(S1). So a classical
scalar string field maybe defined as a magnitude on Q. In a parametrisation xµ(s) a string field has
the form Φ(xµ). The independence of Φ on a choice of parametrisation is called reparametrisation
invariance. Let us find a law of string–field transformation under reparametrisations, supposing
that it is determined by the law of transformations of the first quantised string coordinates xµn:
xµ(s) = Re
∑
xµnz
−n (s = exp(is)). This law should be derived from the first quantised closed
string action. However, the action can not be received in a unique way, because it should be
obtained only from some physical assumptions on the behaviour of magnitudes on Q0 instead of
Q. Hence, the action will contain a gauge parameter. The choice of the first quantised closed
string action is one of A.M.Polyakov [60]:
(2A) S(xµ) =
∫
g(z, z¯)∂zx
µ(z)∂z¯ x¯
µ(z) dzdz¯.
Here we assume the holomorphy of the coordinates xµ(z) on a world surface of a string in view
of the Hamiltonian character of its evolution. Let us interpret the metric g(z, z¯) as a gauge
parameter. In the gauge g(z, z¯) = 1 one gets the next expression for the action
(2B) S(xµ) =
∫
D+
∂zx
µ(z)∂z¯ x¯
µ(z) dzdz¯ =
∑
n>0
nxµnx¯
µ
n,
where D+ = {z : |z| ≤ 1}. The first quantisation of a string with such action is described in
[1,58,59]. In the space of states of a first quantised string (functions of the infinite number of
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variables xµn obeying the equation (
∂
∂x
µ
0
− eµ)Φ = 0) the Virasoro algebra generators L−p with
p ≥ 0 naturally act:
L−p = eµpx
µ
p +
1
2
p−1∑
k=1
k(p− k)xµ
k
xµ
p−k +
∑
k≥1
(k + p)xµ
k+p
∂
∂xµ
k
.
After a transition to the second quantisation the Fock space F (Q∗) dual to the space of the first
quantised string states is interpreted as a configuration space for the second quantised string.
However, the action (2B) is not gauge invariant. The mechanism accounting for the nonin-
variance of the gauge was proposed in the papers [61,62,19,63]. Accordingly to [19] expression
(2A) depends on a choice of a complex structure on Q∗. The space of such structures is iso-
morphic to M(Vir) = Diff+(S1)/S1. An element of the space M(Vir), an univalent function f ,
generates global transformations of the fields Φ(xµ) preserving the family of Polyakov actions.
In such case one should postulate a locality of transformations. the relation between the gauge
parameters g(z, z¯) and f(z) has the form g(z, z¯)dxµdx¯µ = dxµ(f)dx¯µ(f). Let us now define the
configuration space of the closed string field as a space of magnitudes Φ(xµ, f). The decompo-
sition of a field by coefficients ck independent of x
µ
n determines a multicomponent string field
Φ(xµ, f) =
∑
ξ c
ξ1
1 . . . c
ξn
n Φξ(x
µ). The new action has the form [63]
(2C) S(xµ, f) =
∫
dxµ(f)dx¯µ(f) + Uh,c,
where Uh,c(f) are the Kh¨ler potentials on M(Vir) and
∫
dxµdx¯µ is the Ka¨hler potential on Q∗.
the space dual to the space of string fields consists of all holomorphic sections of the Hermitean
bundle Eh,c, the action of the Virasoro algebra in O(Eh,c) has the form
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+
∑
k≥1
kxµ
k
∂
∂xµ
k
+ h,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2c1
∑
k≥1
kxµ
k
∂
∂xµ
k
+
∑
k≥1
(k + 1)xµ
k+1
∂
∂xµ
k
+ 2hc1 + eµx
µ
1 ,
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ (4c2 − c
2
1)
∑
k≥1
kxµ
k
∂
∂x
µ
k
+
3c1
∑
k≥1
xµ
k+1
∂
∂xµ
k
+
∑
k≥1
(k + 2)xµ
k+2
∂
∂xµ
k
+
+
x21
2
+ h(4c2 − c
2
1) +
c
2
(c2 − c
2
1) + 3eµc1x
µ
1 + 2eµx
µ
2 ,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2).
The dual space to O(E∗
h,c
) (the Fock space which is a semidirect product of the Fock space over
the flag manifold for the Virasoro–bott group considered in the first chapter and the standard
(flat) Fock space) is the configuration space for the closed string–field theory (without ghosts).
The action of the Virasoro algebra in it has the form
L−p = cp +
∑
k≥1
(k + 1)ck+p
∂
∂ck
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+
∑
k≥1
kxµ
k
∂
∂xµ
k
+ h,
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L1 =
∑
k≥1
ck((k + 2)
∂
∂ck+1
− 2
∂
∂c1
∂
∂ck
) + 2
∑
k≥1
kxµ
k
∂
∂c1
∂
∂xµ
k
+
∑
k≥1
(k + 1)xµ
k
∂
∂xµ
k+1
+ 2h
∂
∂c1
+ eµ
∂
∂xµ1
,
L2 =
∑
k≥1
ck((k + 3)
∂
∂ck+2
− (4
∂
∂c2
− (
∂
∂c1
)2)
∂
∂ck
− bk(
∂
∂c1
, . . .
∂
∂ck+2
))+(3A)
∑
k≥1
kxµ
k
∂
∂xµ
k
(
∂
∂c2
− (
∂
∂c1
)2) + 3
∑
k≥1
(k + 1)xµ
k
∂
∂c1
∂
∂xµ
k+1
+
∑
k≥1
(k + 2)xµ
k
∂
∂xµ
k+2
+
1
2
∂2
∂x21
+ h(4
∂
∂c2
− (
∂
∂c1
)2) +
c
2
(
∂
∂c2
− (
∂
∂c1
)2)+
3eµ
∂
∂x
µ
1
∂
∂c1
+ 2eµ
∂
∂x
µ
2
,
Ln =
(−1)n
(n− 2)!
adn−2 L1 · L2 (n > 2).
A metric on the configuration space has the form
(Φ, Ψ¯) = (Φ| exp(S)|Ψ) =:
∫
exp(−S(xµ, f))Φ(xµ, f)Ψ(xµ, f)DXDX¯DfDf¯.
The area of integration in the last integral is determined by the univalency conditions for the
function f . It should be mentioned that exp(S) = exp(
∫
dxµ(f)dx¯µ(f)) · Kh,c(f). The second
term in the formula is the Bergman kernfunction on the space of the univalent functions (after the
identification of this space with the universal Teichmu¨ller space the Bergman kernfunction will
coincide with the Polyakov measure [64,65] as it was shown by A.Morozov and A.Rosly in the paper
[66], namely, Kh,c(f) = exp(Uh,c(f)) = (cap(f(D+)))
h · det−c(1 − Zf Z¯f ), where cap(f(D+)) is
the conformal capacity of the domain f(D+).
To quantise a field Φ(xµ, f) it is necessary to supplement the support manifold by the anticom-
muting Faddeev–Popov ghosts. They are transformed accordingly to the adjoint representation
of the constraint algebra CVect(S1) (usually parallel with ghosts one consider also elements of
dual space, which transform accordingly to the coadjoint representation of the constraint alge-
bra). It is convenient to think ghosts as vector fields on M(Vir)⋉Q∗ tangent to the constraint
foliation. The dual family of differential froms (antighosts) ξp with the law of transformation
Lpξq = −(q + 2p)ξp+q generates the space of the Banks–Peskin string differential forms [61]. So
the string differential forms depend on the string coordinates xµn in the external space, the internal
degrees of freedom of the string ck and Faddeev–Popov antighosts ξp. The subspace of such forms
in Ω(M(Vir)⋉Q∗) will be denoted as ΩBP. Let us introduce according to Feigin, Frenkel, Garland
and Zukerman [67,68] the vacuum vector corresponding to the filled ghost Dirac sea relative to the
subalgebra < Lp, p > 0 > as vac = ξ1 ∧ ξ2 ∧ ξ3 ∧ . . . . Consider now the space ΩSIBP of semi–infinite
string differential forms (the strict definition of the semi–infinite form maybe found in [67,68]),
and also ΩSIBP(Eh,c) = Ω
SI
BP ⊗O(M(Vir)⋉Q∗) O(Eh,c). The Virasoro algebra acts in Ω
|SI
BP with the
central charge c = −26 and the value of L0 on the vacuum vac being equal to h−1. The formulas
for the action have the form
(3B) L′−p = L−p + L
ghost
−p , L
ghost
−p =
∑
q
(p− 2q)ξq−p
∂
∂ξq
.
Let us introduce the Kato–Ogawa BRST–operator [69] as a partial differential along the con-
straints Q =
∑
p L
′
−pξp. A request for the absence of the conformal anomaly (the nilpotency of
the BRST–operator Q: Q2 = 0) picks out the value of the parameter c: c = 26.
DEFINITION [62,63]. The Siegel string field is an element of the space ΩSIBP(E
∗
h,c
)∗ dual to the
space of the Banks–Peskin differential forms.
Therefore, the space of Siegel string fields is a product of the Fock space of the bundle Eh,c
over M(Vir)⋉Q∗ and the space of the semi–infinite ghost forms. the operator Q∗ conjugate to
14
Q (which is also called by the Kato–Ogawa BRST–operator) has the form Q∗ =
∑
p,q(L−pξ
∗
p −
1
2
(p − q)ξ∗pξ
∗
q )
∂
∂ξ∗
−(p+q)
, where (ξ∗p , ξq) = −δ(p + q). The scalar product in Ω
SI
BP(E
∗
h,c)
∗ maybe
defined as
(Φ, Ψ¯) =
∫
exp(−S)Φ(α)Ψ¯(β)DXDX¯DfDf¯ (ξ∗(α), ξ
∗
(β)),
where Φ = Φ(α)ξ∗
(α)
, Ψ = Ψ(β)ξ∗
(β)
and (ξ∗
(α)
, ξ∗
(β)
) is the scalar product in the space of the
semi–infinite ghost forms [67,68].
At the end of this article we shall give a cohomological interpretation of the Nambu–Goto
action [1,58,59], accordingly to [70]. For such purpose let us consider a representation of the
Virasoro algebra in the space VD of functions of the variables c1, . . . cn, . . . x
µ
1 , . . . x
µ
k
, . . . by the
differential operators
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+
∑
k≥1
kxµ
k
∂
∂xµ
k
,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2c1
∑
k≥1
kxµ
k
∂
∂xµ
k
+
∑
k≥1
(k + 1)xµ
k+1
∂
∂xµ
k
,(4)
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ (4c2 − c
2
1)
∑
k≥1
kxµ
k
∂
∂xµ
k
+
3c1
∑
k≥1
xµ
k+1
∂
∂x
µ
k
+
∑
k≥1
(k + 2)xµ
k+2
∂
∂x
µ
k
,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2).
THEOREM 6 [70]. H1(Cvir, VD) = Sym(C,D) + C
D + Cc. The matrix cohomology class is
determined by the Nambu–Goto action SNG(Gab) =
∑
n nGabx˜
a
nx˜
a
n:
L′−p = L−p + F
NG
−p ,
FNG−p =
1
2
∑
m+n=p
nmGabx˜
a
mx˜
b
n, if p > 0 and 0 otherwise.
The vector class has the form
L′−p = L−p + F
vect
−p ,
F vect−p = bap(p− 1)x˜
a
p , if p > 0 and 0 otherwise.
The class corresponding to parameter c is defined by the formulas written in the first chapter.
Here x˜µn = (x
µ(f))n.
The statement of the theorem maybe obtained by the straightforward calculations.
2.2. Curved background [71].
It should be mentioned that the Banks–Peskin differential forms have no a geometric mean-
ing; on the contrary, the string fields are the correctly defined objects on the background. Let
vj
k1...kD
= (x1)k1 . . . (xD)kD be a vector field on the background then the natural action of the
field vj
k1...kD
in the space of string fields has the form [71]
T (v
j
k1...kD
=
∑
∑
mij=M
x˜1m11 . . . x˜
1
m1k1
. . . x˜DmD1 . . . x˜
D
mDkD
∂
∂x˜j
M
,
x˜in = (x
i(f))n.
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If Gab = 0 then [T (v
j
k1...kD
), Lp] = 0, where Lp is defined by formulas dual to (4).
Let us fix a non–constant metric Gαβ on the background. The Laplace operator for Gαβ will
have the form
∆(Gαβ) = G
ij(x1, . . . xD)
∂2
∂xi∂xj
+Hi(x1, . . . xD)
∂
∂xi
,
where
Hi = G−
1
2
∂
∂xj
(G
1
2 ·Gij).
Let us now consider the operators [∆(Gαβ)]p defined as
[∆(Gαβ)]p =
∑
b+c−|a|=p
f(a, b, c)G˜ij(x1a11 . . . x
1
a1m1
. . . xDaD1 . . . x
D
aDmD
)
∂2
∂xi
b
∂jc
+
1
6
∑
b−|a|=p
(b3 − b)H˜i(x1a11 . . . x
1
a1m1
. . . xDaD1 . . . x
D
aDmD
)
∂
∂xi
b
,
where G˜ij and H˜i are the polylinearisations of Gij and Hi, the function f(a, b, c) is defined as
f(a, b, c) =
∑
A′⊔A′′
(b−
∑
i∈A′
ai)(c−
∑
i∈A′′
ai).
THEOREM 7 [71]. The operators
Gαβ(Lp) = Lp of (4) if p > 0 and Lp of (4) +
1
2
[∆(Gαβ))]−p(x˜
i
n) if p ≤ 0,
where x˜in = (x
i(f))n, define an action of the Virasoro algebra in the space of string fields. The
correspondence Gαβ −→ Gαβ(·) is generally covariant.
The corresponding BRST–operator Gαβ(Q) has the form
Gαβ(Q) =
∑
(L−pξ
∗
p −
1
2
(p− q)ξ∗pξ
∗
q
∂
∂ξ∗−p−q
).
The BRST–operator is nilpotent if c = 26.
2.3. The Bowick–Rajeev formalism.
The Bowick–Rajeev formalism [19] describes a separation of variables, characterising external
and internal degrees of freedom of a string in quantum field theory. Let us present the Bowick–
Rajeev formalism for the flat background following to [72]. Let us consider the space ΩSIBP(Eh,c)
of the semi–infinite Banks–Peskin differential forms. The action of the Virasoro algebra has the
form
Lp =
∂
∂cp
+
∑
k≥1
(k + 1)ck
∂
∂ck+p
−
∑
k
(p+ 2k)ξk+p
∂
∂ξk
(p > 0),
L0 =
∑
k≥1
kck
∂
∂ck
+
∑
k≥1
kx
µ
k
∂
∂xµ
k
− 2
∑
k
kξk
∂
∂ξk
+ h,
L−1 =
∑
k≥1
((k + 2)ck+1 − 2c1ck)
∂
∂ck
+ 2c1
∑
k≥1
kxµ
k
∂
∂xµ
k
+
∑
k≥1
(k + 1)xµ
k+1
∂
∂xµ
k
+
∑
k
(1− 2k)ξk−1
∂
∂ξk
+ 2hc1 + eµx
µ
1 ,
L−2 =
∑
k≥1
((k + 3)ck+2 − (4c2 − c
2
1)ck − bk(c1, . . . ck+2))
∂
∂ck
+ (4c2 − c
2
1)
∑
k≥1
kxµ
k
∂
∂xµ
k
+
3c1
∑
k≥1
xµ
k+1
∂
∂xµ
k
+
∑
k≥1
(k + 2)xµ
k+2
∂
∂xµ
k
+
16
+
∑
k
2(1− k)ξk−2
∂
∂ξk
+
x21
2
+ h(4c2 − c
2
1) +
c
2
(c2 − c
2
1) + 3eµc1x
µ
1 + 2eµx
µ
2 ,
L−n =
1
(n− 2)!
adn−2 L−1 · L−2 (n > 2).
The space ΩSIBP(Eh,c) maybe considered as a space of sections of some vector bundle over
M(Vir), a fiber Hf (h, c) of which is isomorphic to H(h, c) = F (Q)⊗
∧SI(CVect∗(S1)). We shall
denote this bundle by FGh,c(M(Vir)), the variables x
µ
n, ck define its trivialisation.
A gauge of a Banks–Peskin string differential form is a relation ck = ck(x
µ), and a gauge–fixing
projector P is the operator P : ΩSIBP(Eh,c) 7→ H(h, c) determined by the formula
PΦ = Φ|ck=ck(xµ) .
Let f(z) = z + c◦1z
2 + c◦2z
3 + c◦3z
4 + . . . be an arbitrary univalent function, the f–gauge is the
gauge defined by the relation ck = c
◦
k
. The gauge–fixing projector has the form
PfΦ = Φ|ck=c◦k
.
As it was shown in [72] there exists an imbedding If : H(h, c) 7→ Ω
SI
BP(Eh,c) such that (1)
L+(f)If = 0, where L+(f) is a set of positive–frequency generators of the Virasoro algebra
determined by a choice of a gauge parameter value (i.e. if f = g · f0, f0(z) = z, g ∈Diff+(S1),
then L+(f) = g · span(Ln, n > 0)); (2) IfΦ in gauge f equals to Φ, i.e. Pf If = id.
The family I = {If} defines an imbedding
I : FGh,c(M(Vir)) 7→M(Vir)× Ω
SI
BP(Eh,c).
Define a connection ∇ in FGh,c(M(Vir)) such as
∇Xϕf = Pf (X(Ifϕf ))
or
∇Xϕf = lim
t→0
t−1(Pf If+tXfϕf+tXf − ϕf ).
The connection ∇ maybe considered as an infinite dimensional analogue of the Gauss–Manin
connection. the connection is not always flat. the condition of an absence of a curvature put a
restrictions on values of parameters d, c, h, eµ.
THEOREM 8 [72]. The curvature tensor of the connection ∇ in the bundle FGh,c(M(Vir)) is
equal to
Rn,m = ((c−D)
n3 − n
12
+ (2h− eµe
µ))δ(n+m).
DEFINITION. The covariantly constant section of the bundle FGh,c(M(Vir)) is called the Bowick–
Rajeev vacuum.
The Bowick–Rajeev vacuum exists if and only if D = c, h = e2/2.
Define following [72] the family of parings
Bf1,f2(·, ·) : ((Ω
SI
BP(E
∗
h,c))
∗)⊗2 7→ C
as
Bf1,f2(Φ,Ψ) = (P
∗
f1
I∗f1Φ, P
∗
f2
I∗f2Ψ).
The pairings Bf1,f2 (·, ·) play a role of the Kostant–Blattner–Sternberg pairings [72]. Indeed, as
it was shown in [72], if c > 1, h > 0 the connection ∇ maybe defined in the following way
(∇∗XΦ = 0)⇔ (Bf+tXf,f (Φ,Ψ)− Bf,f (Φ,Ψ) = o(t),∀Ψ).
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DEFINITION. A covariantly constant with respect to ∇∗ element of the space ΩSIBP(E
∗
h,c
)∗ of
the string fields is called a gauge–invariant string field; the space of such fields will be denoted by
ΩSIBP(E
∗
h,c
)∗GI.
the space of the gauge–invariant string fields is dual to the space of the Bowick–Rajeev vacuums.
THEOREM 9A [72]. The space of the gauge–invariant string fields ΩSIBP(E
∗
h,c
)∗GI is invariant
under the Virasoro algebra action. Let us identify the space ΩSIBP(E
∗
h,c
)∗GI with Hf (h, c) by the
operator If . In Hf (h, c) the Virasoro algebra generators act by operators Tf (Lk). If f = f0 then
Tf0 (Lk) = L
V
k + L
ghost
k
,
where LV
k
are the generators in the Virasoro representation
LVp =
∑
k≥1
(k + p)xµ
k
∂
∂xµ
k+p
+
1
2
p−1∑
k=1
k(p− k)
∂2
∂xµ
k
∂xµ
p−k
+ peµ
∂
∂xµp
,
LV0 =
∑
k≥1
kxµ
k
∂
∂xµ
k
+
e2
2
,
LV−p =
∑
k≥1
kxµ
k+p
∂
∂xµ
k
+
1
2
p−1∑
k=1
xµ
k
xµ
p−k + eµx
µ
p ,
and Lghost
k
are the generators of the Virasoro algebra in the ghost space
Lghostp =
∑
q
(q − p)ξ∗q
∂
∂ξ∗p+q
.
THEOREM 9B [72]. The action of the Virasoro algebra in (O(FG∗h,c(M(Vir))))
∗ has the form
LK |f = ∇(Lk)|f
∗ + Tf (Lk),
D = c, e2 = 2h.
It should be mentioned that the space ΩSIBP(E
∗
h,c)
∗ of the gause–invariant string fields is Q∗–
invariant, where Q∗ is the conjugate Kato–Ogawa BRST–operator [69]. Let us define a fiber
BRST–operator Q∗0 as Q
∗|ΩSI
BP
(E∗
h,c
)∗
GI
, where ΩSIBP(E
∗
h,c
)∗GI is identified with H(h, c) by I
∗
f
.
THEOREM 9C [72]. Q∗ = D∇ + Q
∗
0. The fiber BRST–operator Q
∗
0 under the initial fiber has
the form Q∗0 =
∑
(LV−p +
1
2
L
ghost
−p )ξ
∗
p .
The Bowick–Rajeev formalism maybe expanded on a curved background: the gauges of the
Banks–Peskin string differential forms, the projectors, which fix these gauges, the Connection
∇, the Bowick–Rajeev vacua, the gauge–invariant string fields, the fiber BRST–operators can be
introduced analogously to the flat case. the main problem in the case problem, which is not solved
completely yet, is to characterise the values of parameters of the curved background for which
the Bowick–Rajeev vacua and the gauge–invariant string fields exist. the differential equations on
such parameters providing the presence of the gauge–invariant string fields are called the string
Einshtein equations.
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